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Voronovskaya-type theorem for bounded
holomorphic functions 1

Let B denote the set of all holomorphic functions f in D := {z ∈ C : |z| < 1}
for which supz∈D |f(z)| ≤ 1 and let

ϕk(z) =

√
1− |a|2

1− za

(
z − a
1− za

)k
, k = 0, 1, . . . , |a| < 1,

be the Laguerre basis in Hardy space H2. Denote

σ0(f) := 0, σn(f) :=
1

n

n−1∑
k=0

(
n− k − a z − a

1− |a|2

)
〈f, ϕk〉ϕk, n ∈ N.

We established the Voronovskaya-type theorem for an approximation of
functions from B by quasi-polynomials σn.

Theorem 1. Let a ∈ D. Then for all z ∈ D and n ∈ Z+ := N ∪ {0}

max
f∈B

∣∣∣∣n(f(z)− σn(f)(z))− (1− za)(z − a)

1− |a|2
f ′(z)

∣∣∣∣ =

=
|z − a|2

(1− |a|2)(1− |z|2)

∣∣∣∣ z − a1− za

∣∣∣∣n−1

.

For given z 6= a and n maximum is attained only for the functions

f(t) = eiθ

(
t− a
1− ta

)n
z − t
1− tz

, θ ∈ R.

In particular, for n = 1 it follows that

max
f∈B

∣∣∣∣f(z)− f(a)− (1− za)(z − a)

1− |a|2
f ′(z)

∣∣∣∣ =
|z − a|2

(1− |a|2)(1− |z|2)
.

This result is closely related to [1].
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Free boundaries in problems with hysteresis

In this talk we present a survey concerning parabolic free boundary prob-
lems involving a discontinuous hysteresis operator (see [1] for parabolic free
boundary problems and [2-4] for problems with hysteresis operator). Such
problems describe biological and chemical processes ”with memory” in which
various substances interact according to hysteresis law.

Our main objective is to discuss the structure of the free boundaries and
the properties of the so-called ”strong solutions” belonging to the anisotropic
Sobolev class W 2,1

q with sufficiently large q. Several open problems in this
direction are proposed as well.

The talk is based on results obtained in collaboration with Nina Uraltseva.
This work is supported by the German Research Foundation, grant no. AP
252/3-1, by the Russian Foundation of Basic Research (RFBR), grant no. 17-
01-00678, and by the ”RUDN University program 5-100”.
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Sharp estimates for the Hardy operator in
a weighted Orlicz space

Let M = M(R+) be the set of Lebesgue-measurable functions,

M+ = {f ∈M : f ≥ 0 a.e.} ;

let u, v, w be weights from Ṁ+ = {f ∈M : 0 < f <∞} . Let

Φ : [0,∞)→ [0,∞]

be the N-function(see [1] for details). Recall that Orlicz space is

LΦ,v =
{
f ∈M : ‖f‖Φ,v <∞

}
,

where for λ > 0, v ∈ Ṁ+

‖f‖Φ,v := inf

λ > 0 :

∞∫
0

Φ
(
λ−1 |f (x)|

)
v (x) dx 6 1

 .

Consider the cone Ω = {f ∈ LΦ,v : 0 6 f ↓} .

V (t) :=

t∫
0

vdτ , 0 < V (t) <∞, ∀t ∈ R+, V (+∞) =∞.

For b ∈ R+ consider δb(t) := V −1 (bV (t)) , δ−1
b (t) = δb−1(t), t ∈ R+. For

a ∈ (0, 1) ∃m ∈ N0 : V (t)−(m+1) (t− δa(t)) ↓, t ∈ R+. For ρ ∈ R+ we consider

k1(t, ρ) =
am+1

V (ρ)m+1

{
t− ρ, ρ < t ≤ δa−1(ρ),

δa−1(ρ)− ρ, t > δa−1(ρ);

k2(ρ, y) =
a

V (y)

{
δa−1(y)− y, 0 < y ≤ δa(ρ),

ρ− y, δa(ρ) < y < ρ.

(1) α(λ, ρ) = Φ1 ◦ Φ−1
2

{∫ ∞
ρ

Φ2 (λw(t))u(t)dt

}
;

(2) β(λ, ρ) = Φ1 ◦ Φ−1
2

{∫ ∞
ρ

Φ2 (λw(t)k1(t, ρ))u(t)dt

}
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Φ1 ≺ Φ2 ⇔ ∃C0 ∈ R+ : ∀ai ≥ 0
∑
i

Φ2 ◦ Φ−1
1 (ai) ≤ C0Φ2 ◦ Φ−1

1 (
∑
i

ai).

Theorem 1. Under the notation and conditions above let T be the Hardy
operator, i.e. T (f ; t) =

∫ t
0
f(τ)dτ, t ∈ R+; Ψ1,Ψ2 be the complementary

N-functions for the N-functions Φ1,Φ2 respectively, Φ1 ≺ Φ2. Then,inequality

(3) Φ−1
2

{∫
R+

Φ2 (wTf)udt

}
≤ Φ−1

1

{∫
R+

Φ1(c1f)vdt

}
, f ∈ Ω

is equivalent to the following two conditions: for all ε, ρ ∈ R+ :

(4)

∫ ρ

0

Ψ1

(
α(λ, ρ)k2(ρ, y)

Cλ

)
v(y)dy ≤ aα(λ, ρ) <∞;

(5)

∫ ρ

0

Ψ1

(
β(λ, ρ)V m(y)

Cλam

)
v(y)dy ≤ aβ(λ, ρ) <∞.

Here C = C(C0, c1, a,m) ∈ R+.

This work was supported by Russian Foundation for Basic Research (pr.
18-51-06005).
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From crystals to Dirac operators–spectral theory

We consider constant coefficient first–order partial differential systems, ho-
mogeneous and non–homogeneous, and their potential perturbations. It is
assumed that the homogeneous part is strongly propagative. In the nonhome-
geneous case it is assumed that the operator is isotropic . The spectral theory
of such systems and their potential perturbations is expounded, and a Limiting
Absorption Principle is obtained up to thresholds. Special attention is given to
a detailed study of the Dirac (massive and massless) and Maxwell operators.

The estimates of the spectral derivative near the thresholds are based on
trace estimates on the slowness surfaces. Two applications of these estimates
are presented:

1) Global spacetime estimates of the associated evolution unitary groups,
that are also commonly viewed as decay estimates. While analogous
estimates exist for the Dirac operator, our decay estimates for the
Maxwell system are completely new.

2) The finiteness of the eigenvalues (in the spectral gap) of the perturbed
Dirac operator is studied, under suitable decay assumptions on the
potential perturbation.

This is a joint work with T. Umeda.
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Integral geometry and integral equations of the first kind:
Theory and Applications
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Connections between the Dirichlet and the Neumann
problem for integrable boundary data

We provide an explicit solution of the generalized solution of the Neumann
problem for the Laplace operator, based on a representation of the solution on
the unit ball in Rn, n ≥ 1, in terms of the solution of an associated Dirichlet
problem, in the case of integrable boundary data.

We also provide a new approach to Brosamler’s formula which gives a prob-
abilistic representation of the solution of the Neumann problem for the Lapla-
cian in terms of the reflecting Brownian motion. The talk is based on joint
works with Mihai N. Pascu (Braşov, Romania) and Nicoale R. Pascu
(Kennesaw State University, USA).
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From Optimal Transport to the Plateau problem
via Liquid crystals

I will sketch an extremely simple self-contained proof of the celebrated
Monge-Kantorovich theorem in Optimal Transport. I will discuss an appli-
cation to Liquid Crystals, which provides an explicit formula for the least
energy required to produce a configuration with assigned topological defects.
I will also present ways of computing the least area spanned by a curve in the
famous Plateau problem using a similar approach.
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Interpolation theory and local Morrey-type spaces

Local Morrey–type spaces, in contrast to global ones, appeared to be very
good from the point of view of the interpolation theory: the scale of local
Morrey–type spaces is closed under the procedure of real interpolation. More-
over, application of local Morrey–type spaces and their generalizations allows
us to obtain a very general interpolation theorem which contains as particu-
lar cases all main classical interpolation theorems and their new variants and
generalizations.

Alberto Cialdea
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The scientific work of Vladimir Maz’ya

Michael Cwikel
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Complex interpolation of
weighted Sobolev spaces

This talk is based on joint work with Amit Einav. Details can be found in
our paper on the arXiv,
https://arxiv.org/abs/1807.10790
which is also to appear in the Journal of Functional Analysis
https://www.sciencedirect.com/science/article/pii/S0022123618304154?via%3Dihub

Let A0 and A1 be two Banach spaces which are continuously embedded in
a some other normed space (for example A0 and A1 can be Lp spaces on the
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same underlying measure space). The complex interpolation method of Alberto
Calderón [1] uses A0 and A1 to generate a continuum of new Banach spaces
denoted by [A0, A1]θ for θ ranging from 0 to 1. It can can be thought of as a
“curve” which “joins” A0 to A1. This method has its roots in a remarkable
result of Olof Thorin which Littlewood once declared to be “the most impudent
idea in mathematics”.

We will begin by briefly recalling the lovely definition of this method and
just a few of the properties of the spaces that it generates, and of their many
applications to various branches of analysis. This will include a mention of the
not so well known fact that the above mentioned “curve” is in some sense a
kind of “geodesic.”

In the case whereA0 and A1 are both Banach lattices of measurable functions
Calderón obtained a rather simple characterization of the spaces [A0, A1]θ. It
enables one to explicitly describe [A0, A1]θ when A0 and A1 are both Lp spaces
or weighted Lp spaces (as anticipated by earlier results of Riesz-Thorin and
of Eli Stein and Guido Weiss). For pairs of Sobolev spaces on Rd the Fourier
transform enables one to show that [W n,p,Wm,p]θ is a Bessel potential space.
But we would also like to identify [A0, A1]θ when A0 and A1 are both weighted
Sobolev spaces W n,p(ω) and on a domain which is not necessarily all of Rd.
Löfström [2] has done this for a special class of weight functions defined on
all of Rd, again with the help of the Fourier transform. Our new results show
that [W 1,p(ω0),W 1,p(ω1)]θ = W 1,p(ω1−θ

0 ωθ1) for a considerably larger collection
of weight functions ω0 and ω1 and not only on Rd . These are cases where
Fourier methods apparently cannot be used.

These results are potentially applicable to the study of time asymptotic
behaviour of solutions of evolution equations.
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Differential equations and integral operators
at investigations of integral geometry

and tomography problems

Integral operators represent the heart of tomography approaches, consisting
in nondestructive mode of obtaining information, which is accumulated along
lines of integration. A list of integral transforms, describing initial data for
integral geometry and tomography problems, is very vast [1]. Weighted ray
transforms of tensor fields [2], [3] stand out among the others as they are the
solutions of differential equations of transport type. We prove the uniqueness
theorems of boundary-value and initial boundary-value problems for the de-
rived equations. Thus, the integral geometry and tensor tomography problems
can be treated as inverse problems of right-hand part reconstruction by known
certain families of weighted ray transforms of tensor fields.

Next variety of integral operators applies for investigations of integral ge-
ometry and refraction tensor tomography problems. A generalization of back-
projection operator provides the operators of angular moments for weighted
ray transforms of tensor fields.

Differential operators of tensor analysis, applying to tensor fields in con-
junction with the operators of weighted ray transforms and angular moments,
present favorable tools for investigation of integral geometry and tomography
problems [2]. Some part of them can be considered as conservation laws in
framework of iterative methods for approximate solutions of refraction tensor
tomography problems.

The reported study was funded partially by the Program of fundamental
researches of SB RAS No. I.1.5 (project 0314-2016-0011), RFBR and DFG
according to the research project No. 19-51-12008.
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On complex spherical harmonics on S2

Let Hn denote the space of all homogeneous of degree n harmonic complex
valued polynomials on R3 as well as their holomorphic extensions onto C3 and
restrictions onto the unit sphere S2 and let Pn be the ambient space of all n-
homogeneous polynomials. We assume Pn equipped with an SO(3)-invariant
inner product. Then

Pn = r2Pn−2 +Hn,

where r2 = x2 + y2 + z2 and the sum is orthogonal.
The talk will concern some special complex-geometric constructions related

to the spherical harmonics. Here is one of them. Let Q0 be the cone r2 = 0
in C3. There is a natural quadratic mapping κ : C2 → Q0 which defines the
double covering of Q0 and agrees with the actions of the groups SO(3) in C3

and SU(2) in C2. The operator f → f ◦ κ defines the well known one-to-one
correspondence between Hn and P2n(C2).

We say that a homogeneous polynomial is completely reducible if it is the
product of linear functions. Let Dn denote the variety of all completely re-
ducible polynomials of degree n on C3, set

Λ(p) =
(
p+ r2Pn−2

)
∩ Dn,

and let πn be the orthogonal projection ontoHn in Pn. The above construction
provides a simple proof for the following assertion.

Theorem. For any p ∈ Pn the set Λ(p) is finite and

πnp =
1

(2n− 1)!!

∑
q∈Λ(p)

q,

where points of Λ(p) are counted with multiplicities.

In other words, h = πnp is the center of gravity of Λ(p). We consider some
related results.



11

Mikhail L. Goldman

Peoples’ Friendship University of Russia (RUDN University)
Moscow, Russia;

e-mail: seulydia@yandex.ru

Optimal envelope for the cone of moduli of continuity
for generalized Bessel potentials

joint research with Dorothee Haroske, Friedrich-Shiller University, Jena, Germany.

The talk is devoted to the space of generalized Bessel potentials

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)} ,

constructed by the convolutions of generalized Bessel McDonald kernels G
with functions from the basic rearrangement invariant space E(Rn). In the case
of embedding of potentials into the space of bounded continuous functions, we
obtain the equivalent description for the cone of moduli of continuity wk(u; t

1
n )

of potentials in the uniform norm. We describe this cone and obtain the
criterion for the embedding of potentials into the Calderon space

Λk(C;X) =
{
u ∈ C(Rn) : wk(u; t

1
n ) ∈ X(0, T )

}
;

||u||Λk(C;X) = ||u||C + ||wk(u; t
1
n )||X(0,T ).

Here X = X(0, T ) is an ideal space, k ∈ N . In the case of generalized
Bessel potentials constructed over the basic weighted Orlicz- Lorentz space
we describe explicitly optimal envelope for that cone and find the optimal
Calderon space for such an embedding [1]-[3].

Joint research with Dorothee Haroske, Friedrich-Shiller University, Jena,
Germany.
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Composition operators on
Sobolev spaces and

Divergent Elliptic Operators

We study spectral properties of the divergence form elliptic operators –
−div[A(z)∇f(z)] with the Neumann boundary condition in a wide class of
simply connected planar (non)convex domains Ω ⊂ C that includes quasidiscs.
The suggested method is based on the composition operators theory on Sobolev
spaces with applications to the Sobolev-Poincaré inequalities. We prove dis-
creteness of the spectrum and we obtain lower estimates of Neumann eigen-
values.

Remark. Joint with V.Pchelintsev and A.Ukhlov.
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Non-uniqueness of cycles in block-linear dynamics

This is joint work with V.S.Gradov. We study 5-D dynamical system

ẋj = Lj(xj−1)− kjxj; j = 1, 2 . . . , 5; j − 1 := 5 for j = 1. (1)

Here, Lj are step functions: Lj(x) = ajkj for 0 ≤ x < 1; Lj(x) = 0 for 1 ≤ x;
aj > 1, xj > 0, kj > 0 for all j. Other dimensions can be treated as well, see

[1]. Hyperplanes xj = 1 decompose the domain Q :=
∏j=5

j=1[0, aj] to 32 blocks,
which are denoted by multi-indices

{ε1ε2ε3ε4ε5} := {X ∈ Q | εj = 0 for 0 ≤ xj < 1; εj = 1 for 1 ≤ xj}.
The system (1) is linear in each block, its trajectories pass from block to block
almost as in billiards. Consider the unions of the blocks:

W1 := {10101} ∪ {00101} ∪ {01101} ∪ {01001} ∪ {01011} ∪ {01010}
∪{11010} ∪ {10010} ∪ {10110} ∪ {10100};
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W 1
3 := {11110} ∪ {11100} ∪ {11101} ∪ {11001} ∪ {11011} ∪ {10011}

∪{10111} ∪ {00111} ∪ {01111} ∪ {01110};
W ∗

3 := {11100} ∪ {11000} ∪ {11001} ∪ {10001} ∪ {10011} ∪ {00011}
∪{00111} ∪ {00110} ∪ {01110} ∪ {01100};

W 0
3 := {10000} ∪ {10001} ∪ {00001} ∪ {00011} ∪ {00010} ∪ {00110}

∪{00100} ∪ {01100} ∪ {01000} ∪ {11000}.
Theorem 1. ([1]). Q and W1 are positively invariant domains of the

system (1). W1 contains exactly one stable cycle C1 of this system.
Consider now the symmetric dimensionless version of the system (1):

ẋj = L(xj−1)− xj; j = 1, 2, 3, 4, 5; j − 1 := 5 for j = 1; (2)

L(x) = A > 1 for 0 ≤ x < 1, L(x) = 0 for 1 < x.
Theorem 2. If 2 < 2A < 5−

√
5 then W 0

3 contains piece-wise linear cycle
C2 of the system (2) such that C2 is symmetric with respect to the permutation
σ of the variables x1 → x2 → x3 → x4 → x5 → x1.

Theorem 3. If 5 +
√

5 < 2A then W 1
3 contains exactly one PL cycle C3 of

the system (2) such that C3 is symmetric with respect to σ.
For all values of A, the domain W ∗

3 does not contain cycles of the system
(2), which are symmetric with respect to σ. The cycles C2, C3 are contained in
invariant PL-surfaces of (2): S2 ⊂ W 0

3 , S3 ⊂ W 1
3 . None of them intersects W1.

References
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The role of curvature in frame theory

We are going to discuss the question of the existence of Fourier bases and
frames in a variety of Hilbert spaces. We are going to exhibit a class of mea-
sures where the corresponding Hilbert space does not possess a frame of expo-
nentials. We are going to discuss the connection between this problem and a
variety of questions in geometric measure there.

Alexander Isaev

The Australian National University
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Zero CR-curvature
equations for Levi-degenerate manifolds

We consider the class C2,1 of 5-dimensional 2-nondegenerate CR-manifolds of
hypersurface type with Levi form of rank 1 at every point. The CR-structures
of the manifolds in this class are known to reduce to absolute parallelisms
with values in the Lie algebra so(2, 3), so one can consider the corresponding
so(2, 3)-valued CR-curvature form. We are interested in the resulting zero CR-
curvature equations. In general, these equations are extremely complicated but
they become more manageable for special classes of manifolds. Specifically, we
study the zero CR-curvature equations for tube and, more generally, rigid hy-
persurfaces of class C2,1 in C3. It turns out that, despite the fact that the num-
ber of the components of the CR-curvature form is equal to 10 = dim so(2, 3),
in the tube case these equations are equivalent to a single equation, namely,
the classical Monge equation, and locally the problem of determining CR-flat
tube hypersurfaces up to affine equivalence is described by a remarkable sys-
tem of equations, which consists of the Monge equation and the 2-dimensional
real homogeneous Monge-Ampère equation. This system of two equations can
be explicitly solved, which leads to the following result:
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Theorem. Every CR-flat tube hypersurface of class C2,1 in C3 is affinely
equivalent to an open subset of the tube over the future light cone in R3.

Further, the case of rigid hypersurfaces yields a more general system of equa-
tions, which consists of the Monge equation with respect to one variable and
the 2-dimensional complex homogeneous Monge-Ampère equation. We solve
this system under some additional assumptions up to the so-called rigid equiv-
alence. Surprisingly, the answer is expressed in terms of solutions of several
well-known differential equations, in particular, the equation characterizing
conformal metrics of constant negative curvature and a nonlinear ∂̄-equation.
The resulting functions lead to hypersurface equations that in most cases differ
from the canonical equation of the tube over the future light cone in R3.
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The continuity of the flow map for
quasilinear symmetric hyperbolic systems

Numerous type of evolution equations can be written as quasilinear sym-
metric hyperbolic systems, for example, Euler and Einstein equations. The
short–time existence and uniqueness in Sobolev spaces is well known, and
there are several methods to prove it. One of them is due to T. Kato, who in
the seventies developed the theory of non–linear semigroups for that purpose,
and apart from existence and uniqueness, he also obtained the continuity of
the solutions with respect to the initial data. I will present an alternative proof
of the continuous dependence on the initial data. Our methods is based on
low regularity energy estimates, and consequently, it can be applied to show
the continuity of the flow map in wighted spaces and in homogeneous Sobolev
spaces. I will also discuss an application to Euler –Poisson equations. This is
a joint work with U. Brauer, Complutense University of Madrid.
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Functional properties of Sobolev extensions

A given domain Ω in a Euclidean space may or may not have the property
that each function in a Sobolev space over this domain can be extended to a
function in the analogous Sobolev space over the entire Euclidean space. I will
review functional properties of this condition, e.g. invariance under a change of
variable. Some of the results are from a manuscript that is about to be finished.
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Cantor uniqueness and multiplicity along subsequences

In 1870 Cantor proved that if cn are arbitrary complex numbers such that
∞∑

n=−∞

cne
int = 0 ∀t ∈ [0, 2π]

then the cn are all zero. In the 50s the following question was asked: does
Cantor’s theorem hold even if the convergence is only assumed to hold on a
subsequence? We discuss the history of the problem, some new results and
some exciting problems that still remain. Joint work with Alexander Olevskĭı.
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Sharp pointwise estimates for solutions to some
equations of mathematical physics

Various sharp pointwise estimates for the gradient of solutions to the Laplace
and heat equation are considered. The Dirichlet and Neumann conditions are
prescribed on the boundary of a half-space. All data belong to the Lebesgue
space Lp. Derivation of the coefficients is based on solving certain optimization
problems with respect to a vector parameter inside of an integral over the unit
sphere.

The talk is based on a joint work with Vladimir Maz’ya.

Samuel L. Krushkal
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Ramat Gan, Israel;
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A general coefficient theorem
for univalent functions

The estimating holomorphic functionals on the classes of univalent functions
depending on the Taylor coefficients an of these functions is important in var-
ious geometric and physical applications of complex analysis, because these
coefficients reflect the fundamental intrinsic features of conformal maps.

The goal of the talk is to outline the proof of a new general theorem on
maximization of homogeneous polynomial (in fact, more general holomorphic)
coefficient functionals

J(f) = J(am1 , am2 , . . . , amn)

on some classes of univalent functions in the unit disk naturally connected
with the canonical class S. The theorem states that under a natural assump-
tion on zero set of J this functional is maximized only by the Koebe function
κ(z) = z/(1− z)2 composed with pre and post rotations about the origin.
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The proof involves a deep result from the Teichmüller space theory given by
the Bers isomorphism theorem for Teichmüller spaces of punctured Riemann
surfaces. The given functional J is lifted to the Teichmüller space T1 of the
punctured disk D∗ = {0 < |z| < 1} which is biholomorphically equivalent to
the Bers fiber space over the universal Teichmüller space. This generates a pos-
itive subharmonic function on the disk {|t| < 4} with sup|t|<4 u(t) = maxT1 |J |
attaining this maximal value only on the boundary circle, which correspond
to rotations of the Koebe function.

Our theorem implies new sharp distortion estimates for univalent functions
giving explicitly the extremal functions, and creates a new bridge between the
Teichmüller space theory and geometric complex analysis. In particular, it
provides an alternate and direct proof of the Bieberbach conjecture.

Peter Kuchment

Texas A&M University
Texas, USA;

e-mail: pkuchment@gmail.com

Mathematics arising from some recent
imaging challenges

The talk will present a brief survey of mathematics arising from three recent
approaches in medical and homeland security imaging:

1. hybrid (coupled physics) techniques, trying to combine different modal-
ities to get simultaneously good contrast and high resolution;

2. problems with internal information, where one creates and uses a signal
that is labeled by internal locations throughout the object to stabilize
highly unstable modalities;

3. cone transforms and Compton (type) camera imaging, which avoids
collimation when detecting low SNR data.

No knowledge of imaging will be assumed.
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Multiple Steklov eigenvalues
in a domain with a small hole

Let Ωo be a bounded open domain of Rn. Let νΩo denote the outward unit
normal to ∂Ωo. We assume that the Steklov problem ∆u = 0 in Ωo, ∂u

∂νΩo
= λu

on ∂Ωo has a multiple eigenvalue λ̃ of multiplicity r. Then we consider an an-
nular domain Ω(ε) obtained by removing from Ωo a small cavity of size ε > 0,
and we show that under appropriate assumptions each elementary symmetric
function of r eigenvalues of the Steklov problem ∆u = 0 in Ω(ε), ∂u

∂νΩ(ε)
= λu on

∂Ω(ε) which converge to λ̃ as ε tends to zero, equals real a analytic function
defined in an open neighborhood of (0, 0) in R2 and computed at the point
(ε, δ2,nε log ε) for ε > 0 small enough. Here νΩ(ε) denotes the outward unit nor-
mal to ∂Ω(ε), and δ2,2 ≡ 1 and δ2,n ≡ 0 if n ≥ 3. Such a result is an extension
to multiple eigenvalues of a previous result obtained for simple eigenvalues in
collaboration with S. Gryshchuk.

Flavia Lanzara

Mathematics Department, Sapienza University
Rome, Italy;

e-mail: lanzara@mat.uniroma1.it

Fast computation of high dimensional biharmonic
potential based on Approximate Approximations

Many integral operators of mathematical physics are convolutions with sin-
gular kernel functions, for example with fundamental solutions of partial dif-
ferential operators. Because of the singularity of the integrand, the numerical
computation of those integrals by standard methods is an involved and time
consuming task. The use of the quasi-interpolants introduced in the framework
of Approximate Approximations (see [1]) with adapted basis functions can be
very advantageous. This approach, combined with separated representations,
makes the method fast and effective also in very high dimensions.



20

In this talk we show how this procedure can be applied for the cubature of
the high-dimensional biharmonic potential. We derive new formulas for the
biharmonic potential acting on Gaussians or Gaussians times special polyno-
mials. These formulas can be used to construct accurate cubature formulas of
an arbitrary high order. Numerical tests show that the formulas are accurate
and provide the predicted approximation rate O(h8) up to the dimension 107

([2]).
This talk is based on a joint work with Vladimir Maz’ya (Linköping Univer-

sity, Sweden) and Gunther Schmidt (Weierstrass Institute for Applied Analysis
and Stochastics, Berlin, Germany).
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Bergman spaces of real analytic functions

In the speaker’s paper, Real analytic Fréchet algebras containing algebras of
holomorphic functions, the existence of algebras of functions on C, closed in
the compact open topology, larger that the space of holomorphic functions,
and where all functions are real analytic, was proved. Real analyticity in these
examples is due to moment conditions on families of concentric circles. In
this talk it is shown that these spaces preserved under closures in weighted
Lp spaces with p > 2. Furthermore, point evaluations are bounded; hence
naming them Bergman spaces. Coefficient estimation, such as occurs with
usual Bergman spaces, is shown with an example. Classes of partial differential
equations which are modifications of standards equations are provided, where
these spaces might be applied.
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Spectrality of polytopes and
equidecomposability by translations

Which domains in Rd have an orthogonal basis of exponentials? This is
known as Fuglede’s “spectral set” problem. I will discuss a recent result joint
with Bochen Liu, which implies that if a polytope A ⊂ Rd is spectral then
A can be dissected into a finite number of smaller polytopes, which can be
rearranged using translations to form a cube.

Elijah Liflyand

Bar-Ilan University
Ramat-Gan, Israel;

e-mail: liflyand@gmail.com

Salem conditions in the non-periodic case

In the classical sources, Salem’s necessary conditions for a trigonometric
series to be the Fourier series of an integrable function are given in terms of
“some” sums. Realizing that, in fact, they are given in terms of the discrete
Hilbert transforms, we generalize these to the non-periodic case, for functions
from the Wiener algebra (for details, see [1]).

The obtained result is used to constructing a monotone function with non-
integrable cosine Fourier transform in a much easier way than in the classical
book [2] by Titchmarsh.

Certain open problems are posed.
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Nonlinear potential theory in pde:
from Maz’ya’s seminal ideas to recent developments

Professor Vladimir Maz’ya is one of the founding fathers of what is nowa-
days known as Nonlinear Potential Theory. For instance, he has been the first
to study the widely employed class of nonlinear potentials nowadays called
Havin-Maz’ya-Wolff potentials and to apply nonlinear potential theoretic ar-
guments to the study of boundary regularity properties of solutions to nonlin-
ear equations. In my talk I will try to draw a line that from Mazy’a’s seminal
contributions leads to the most recent developments of the theory.
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Existence of combinatorial structures via
asymptotics of integrals

When seeking to estimate certain sequences of numbers, the following method
is often of use. Find a suitable generating function for the numbers in question
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and estimate its coefficients by means of complex integration (via Cauchy’s in-
tegral formula). Motivated by combinatorial questions, we discuss a general
class of problems which admit such explicit generating functions and a set of
sufficient conditions under which the integral asymptotics may be determined.
Interestingly, the introduced conditions point to a, possibly new, link between
the integral estimation problem and coding theory. The talk will emphasize
the many important open problems for which estimating the integrals remains
a challenge for the analysts. Based on joint work with Greg Kuperberg and
Shachar Lovett.
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On the equivalence of heat kernels

of second-order parabolic operators

Let P be a second-order, symmetric, and nonnegative elliptic operator with
real coefficients defined on noncompact Riemannian manifold M , and let V
be a real valued function which belongs to the class of small perturbation
potentials with respect to the heat kernel of P in M . We prove that under
some further assumptions (satisfying by a large classes of P andM) the positive
minimal heat kernels of P − V and of P on M are equivalent. Moreover, the
parabolic Martin boundary is stable under such perturbations, and the cones
of all nonnegative solutions of the corresponding parabolic equations are affine
homeomorphic. This is a joint work with D. Ganguly.
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On the Dirichlet problem
for elliptic functional differential equations

with affine transformations of the argument

1. We introduce a class of linear operators of the form

Tu(x) =

∫
K

u(p−1x− h) dν(h),

where p > 1, K ⊂ Rn is a compact set, and ν ∈ (C(K))∗. Taking any smooth
compactly supported function to a smooth compactly supported one, T is
extended to a bounded operator in L2(Rn) and the Sobolev spaces Hs(Rn),
s ∈ R, with

ρ(T ) = ρ(T ;L2(Rn)) = pn/2 lim
m→∞

sup
ξ∈Rn
|ν̃(ξ)ν̃(pξ) . . . ν̃(pm−1ξ)|1/m.

Here ν̃ denotes the characteristic function of ν, ν̃(ξ) =
∫
K

e−ihξ dν(h). If Ω is a

bounded domain in Rn such that p−1Ω−K ⊂ Ω, then T acts also as a bounded
linear operator in Hs(Ω).

We study the Dirichlet problem u|∂Ω = 0 for the equation

−∆(u+ αTu) = f in Ω,

where the (generalized) solution is understood as a function from H̊1(Ω) in
a usual way. It is shown that the inequality |α| < p/ρ(T ) together with the
geometric condition p−1Ω − K ⊂ Ω guarantee the unique solvability of this
problem as f ∈ L2(Ω). It is also shown that for large α the problem may have
infinitely many generalized solutions for any function f ∈ L2(Ω) (in the sense
that these solutions form an infinite-dimensional linear manifold).
2. Among the simplest nontrivial examples of the operators considered is the
following one:

Tu(x) = u(p−1x+ h0)− u(p−1x− h0).

The spectral radius for this operator is calculated by the formula

ρ(T ) = 2pn/2 lim
m→∞

sup
t∈R
| sin t sin pt . . . sin pm−1t|1/m.

It turns out that the value of the corresponding limit intricately depends on
p. For example, it is 1 for a transcendental p or p = (M/N)1/r, where r ∈ N,
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M and N are mutually prime natural numbers such that M + N is an even
number. But if M+N is an odd number, then the limit is equal to cos π

2(N+M)
.

Estimates from above and from below are given for ρ(T ) for many classes of
algebraic numbers p.

Functional differential equations (FDEs) containing affine transformations
of the argument, i.e. shifts combined with contractions/expansions, generalize
the well-known pantograph equation and have applications in a wide variety
of fields such as astrophysics, nonlinear oscillations, biology, number theory,
and probability theory. FDEs with affine transformations on the line and in
the complex plane have been studied in detail since [1] in connection with
the existence of bounded solutions and the asymptotic behavior of solutions
at infinity. The current state of the theory of boundary value problems for
elliptic FDEs is partially reflected in [2, 3], where the problems were stud-
ied either in the presence of solely shifts (differential-difference equations) or
contractions/expansions.
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On the kernel of Lichnerowicz Laplacian

In the present talk (joint with Sergey Stepanov and Irina Tsyganok, both
from Moscow) we consider geometry of the kernel of the Lichnerowicz Laplacian
restricted to covariant (not necessarily symmetric or skew-symmetric) tensors.
Our approach is based on the analytical method, due to S. Bochner, of prov-
ing vanishing theorems for the null space of Laplace operator. In particular,



26

we pay attention to the kernel of the Lichnerowicz Laplacian on Riemannian
symmetric spaces.

In conclusion, we give some applications to the theories of infinitesimal Ein-
stein deformations and the stability of Einstein manifolds.
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[3] Stepanov S.E., Fields of symmetric tensors on a compact Riemannian manifold, Mathe-

matical Notes, 52:4 (1992), 1048–1050.
[4] Wu H., A remark on the Bochner technique in differential geometry, Proc. Amer. Math.

Soc., 78:3 (1980), 403–408.

Jacob (Koby) Rubinstein

Department of Mathematics, Technion
Haifa, Israel

e-mail: koby@technion.ac.il

Optimal transport and geometric optics

The classical Fermat principle of least time forms the foundation of geo-
metric optics. We introduce a new principle, that we call the Weighted Least
Action Principle, that generalizes the Fermat principle, and moreover deals
with measurable quantities. We then show that the new principle is equivalent
to the Monge optimal transport problem for a specific cost function. More-
over, we argue that all critical points of the Monge functional are optically
relevant. The theoretical analysis is accompanied with experimental results
that demonstrate its applicability.

Joint work with Gershon Wolansky.
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Type I blowups and Liouville Type Theorems
for Navier–Stokes equations

In the talk, the relationship between the existence of singularities of weak
solutions of the Navier–Stokes equations and Liouville type theorems for mils
bounded ancient solutions to the same equations are going to be discussed.
Technically, mild bounded ancient solutions can be derived by rescaling around
a potencial singular point. Those solutions can be used to rule out or to
construct singularities of Type I. We follow paper [1].
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Adiabatic Limit in Ginzburg–Landau
and Seiberg–Witten Equations

Seiberg–Witten equations were discovered at the end of last century. Along
with Yang–Mills equations they are the limiting case of a more general su-
persymmetric Yang–Mills theory. However, opposite to conformally invariant
Yang–Mills equations, the Seiberg–Witten equations are not invariant under
the change of scale. So, in order to draw ”useful information” from these equa-
tions one has to introduce a scale parameter λ into them and consider the limit
λ→∞. This is precisely the adiabatic limit considered in my talk.

Seiberg–Witten equations have a non-trivial (2 + 1)-dimensional analogue
described by hyperbolic Ginzburg–Landau equations. The adiabatic limit in in
Seiberg–Witten equations may be considered as a complex version of adiabatic
limit in Ginzburg–Landau equations.
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Nonlinear resolvent of holomorphic generators

Let f be an infinitesimal generator of a one–parameter semigroup {Ft}t>0

of holomorphic self–mappings of the open unit disk, i.e., f = lim
t→0

1

t
(I − Ft).

In this work we study properties of the resolvent family R =
{

(I + r f)−1}
r>0

in the spirit of geometric function theory. We discovered, in particular, that
R forms an inverse Loewner chain and consists of starlike functions of order
α > 1/2. Moreover, each element of R satisfies the Noshiro–Warshawskii con-

dition
(

Re
[
(I + r f)−1

]′
(z) > 0

)
. This, in turn, implies that all elements of

R are also holomorphic generators. Finally, we study the existence of repelling
fixed points of this family.

The talk is based on a joint work with Mark Elin and Toshiyuki Sugawa.
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On the boundary values of C2-functions

Let Ω be an arbitrary domain in Rn, and let C2(Ω) be the space of all
functions on Ω with continuous and bounded partial derivatives of all orders
up to two. We present several results related to a characterization of the trace
C2(Ω)|∂Ω of the space C2(Ω) to the boundary of the domain Ω.

Our main result, the Finiteness Principal for the boundary values of C2-
functions, states that the original trace problem can be reduced to the same
kinds of problems, but for finite subsets of the boundary of Ω consisting of at
most 3 · 2n−1 points.

For planar domains we give an explicit description of the boundary values
of C2-functions in terms of gradients of certain interpolating affine polynomi-
als of these functions. Furthermore, in this case we show the existence of a
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continuous linear extension operator from the trace space C2(Ω)|∂Ω into C2(Ω)
with the operator norm bounded by some absolute constant.
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The Kato conjecture for some classes
of nonlocal operators

In 1961, T. Kato has formulated the following problem: “Is it true that the
domain of square root from regular accretive operator is equal to the domain
of square root from adjoint operator?” Sufficient conditions for fulfilment of
the Kato conjecture were studied by T. Kato, J. Lions and others. J. Lions has
proved that strongly elliptic differential operators of 2m order with smooth co-
efficients and homogeneous Dirichlet conditions on a smooth boundary satisfy
the Kato conjecture. For strongly elliptic differential operators of 2m order
with measurable bounded coefficients corresponding result was obtained by
P. Auscher, S. Hofman, A. McIntosh, and P. Tchamitchian.

In this lecture we consider two types of nonlocal elliptic operators: strongly
elliptic functional differential operators and elliptic differential-difference op-
erators with degeneration. We prove that these operators satisfy the Kato
square root conjecture, see [1, 2].

The publication has been prepared with the support of the “RUDN Univer-
sity Program 5-100” and the Russian Foundation for Basic Research (project
No. 17-01-00401).
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Survey of self-similar measures

I will talk about generalizations of the classical Cantor-Lebesgue measure,
possibly with an “overlap”. Among them are so-called infinite Bernoulli con-
volutions and non-homogeneous self-similar measures. Decay rates of their
Fourier transforms and questions about their absolute continuity or singular-
ity have been studied since the 1930’s by many mathematicians, including
Erdős, Salem, Kahane, and this research is still very active. There are many
connections with other fields, among them dynamical systems, fractal geome-
try, and number theory. In the talk I will give a survey of some of the recent
developments in the area.
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Composition operators on Sobolev spaces and spectral
estimates of non-linear elliptic operators

We consider spectral estimates of the non-linear Laplace operators with
the Neumann boundary condition in non-Lipschitz domains. This study is
based on the geometric theory of composition operators on Sobolev spaces that
permits us to estimates constants in Poincaré-Sobolev inequalities and as an
application to obtain lower estimates of the first non-trivial eigenvalues in the
Ahlfors domains (quasidiscs). This class of domains includes some snowflakes
type domains with fractal boundaries.

The talk is based on joint works with Vladimir Gol’dshtein and Valerii Pche-
lintsev.
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Accretivity of the general second-order
differential operator

This talk is concerned with accretivity of the general second-order linear
differential operator

L =
n∑

j, k=1

ajk ∂j∂k +
n∑
j=1

bj ∂j + c

with complex-valued distributional coefficients ajk, bj, and c in an open set
Ω ⊆ Rn (n ≥ 1). Necessary and sufficient conditions which ensure that
Re 〈−Lφ, φ〉 ≥ 0 for all φ ∈ C∞0 (Ω) will be discussed. Based on joint work
with Vladimir Maz’ya.
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Accuracy of Clustered Spike-Train Reconstruction

We consider Fourier Reconstruction of spike-train signals, i.e. of linear com-
binations of delta-functions

F (x) =
d∑
j=1

ajδ(x− xj).

In an important case when some of the nodes xj nearly collide, while the mea-
surements are noisy, a dramatic error amplification may occur in the process of
reconstruction. At least in part, this error amplification reflects the geometric
nature of the problem itself, and does not depend on the choice of the solution
method.

This problem is known to present a remarkable variety of mathematical
phenomena, from interpolation of entire functions, to Fourier-Vandermonde
matrices, to cancellation in trigonometric sums, to complicated and highly
singular Algebraic Geometry.

Our approach is based on the following observation:
If the nodes xj of F near-collide, then the possible error-affected reconstruc-

tions are not distributed uniformly, but rather tightly follow certain algebraic-
geometric patterns, known a priori (Prony varieties”). The geometry of the
Prony varieties reflects the clustering geometry of the nodes.

We believe that this fact can be used both in explaining some important
patterns in error amplification, and in improving the reconstruction accuracy.
We plan to present a short overview of the problem, and to concentrate on the
role of Prony varieties in improving reconstruction. If time allows, we plan to
present also some recent results of our group on singular values of rectangular
Fourier-Vandermonde matrices.
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Conditions of discreteness of the spectrum for the
multi-dimensional Schrödinger operator and some
optimization problems for capacity and measures

For the the Schrödinger operator H = −∆ + V (x)·, acting in the space
L2(Rd) (d ≥ 3), with V (x) ≥ 0 and V (·) ∈ L1,loc(R

d), we obtain some con-
structive conditions for discreteness of its spectrum. Basing on the Mazya-
Shubin criterion for discreteness of the spectrum of H and using the isocapac-
ity inequality and the concept of base polyhedron for the harmonic capacity,
we have estimated from below the cost functional of an optimization problem,
involved in this criterion, replacing a submodular constrain (in terms of the
harmonic capacity) by a weaker but additive constrain (in terms of a measure).
By this way we obtain an optimization problem, which can be considered as an
infinite-dimensional analogue of the optimal covering problem. We have solved
this problem for the case of a non-atomic measure. This approach enables us
to obtain for the operator H some sufficient conditions for discreteness of its
spectrum in terms of nonincreasing rearrangements, with respect to measures
from the base polyhedron, for some functions connected with the potential
V (x). Using a capacitary strong type inequality of David Adams and some
properties of Choquet integral by this capacity, we obtain more general suffi-
cient conditions for discreteness of the spectrum of H in terms of a repeated
nonincreasing rearrangement of the function Y (x, t) =

√
V (x) 1

|x−t|d−2

√
V (t)

on cubes going to infinity. We construct some counterexamples, which permit
to compare our results between themselves and with results of other authors.


